Consistent structural linearisation in flexible-body dynamics with large rigid-body motion by Hesse, H & Palacios, R
Consistent Structural Linearisation in Flexible-Body Dynamics
with Large Rigid-Body Motion
Henrik Hessea, Rafael Palaciosa,∗
aDepartment of Aeronautics, Imperial College, London SW7 2AZ, United Kingdom
Abstract
A consistent linearisation, using perturbation methods, is obtained for the structural
degrees of freedom of flexible slender bodies with large rigid-body motions. The re-
sulting system preserves all couplings between rigid and elastic motions and can be
projected onto a few vibration modes of a reference configuration. This gives equations
of motion with cubic terms in the rigid-body degrees of freedom and constant coeffi-
cients which can be pre-computed prior to the time-marching simulation. Numerical
results are presented to illustrate the approach and to show its advantages with respect
to mean-axes approximations.
Keywords: flexible-body dynamics, geometrically-nonlinear beam modeling,
vibration modes, mean axes
Nomenclature
Symbols
CBA coordinate transformation matrix from frame A to B
C global tangent damping matrix
F nodal external forces
F sectional internal forces
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H sectional angular momenta
I unit matrix
K sectional local curvature
K global tangent stiffness matrix
M nodal external moments
M sectional internal moments
M global tangent mass matrix
Mcs cross-sectional mass matrix
N matrix of shape functions
p generalised displacements in modal basis
P sectional translational momenta
Q global vector of generalised forces
r position vector of the origin of body-fixed frame, A
R local position vector along the beam reference line
s arc-length along beam reference line
Scs cross-sectional stiffness matrix
T tangential operator
v inertial translational velocity of the body-fixed frame, A
V inertial translational velocity at a beam cross section
β vector of global translational and rotational velocities
γ beam local force strain
ζ quaternion for global orientation of the body-fixed frame, A
η vector of nodal displacements and rotations
κ beam local moment strain
ξ beam cross-sectional coordinates
Φ matrix of mode shapes
δφ global virtual rotations
δΦ local virtual rotations
Ψ local Cartesian Rotation Vector (CRV) along the beam reference line
ω inertial angular velocity of the body-fixed frame, A
Ω inertial angular velocity at a beam cross section
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Subscripts
A body-fixed reference frame
B local reference frame on flexible members
G inertial reference frame
R rigid-body
S structural
Superscripts
•˙ derivatives with respect to time, t
•′ derivatives with respect to arc-length, s
•˜ skew-symmetric operator
•¯ small perturbations around an equilibrium
1. Introduction
Geometrically-nonlinear beam theories are key in understanding the global static or
dynamic response in highly-optimised structures with slender subcomponents. Typical
examples include the dynamics of space antennae or the aeroelastic analysis of large
off-shore wind turbine blades and helicopter rotor blades. Moreover, an increase in flex-
ibility of load carrying structures has been catalysed by the use of composite materials,
which has required a parallel effort in developing geometrically-nonlinear composite
beam models. Those are typically based on a two step procedure: first, a process
of dimensional reduction (homogenisation) in which the three-dimensional composite
structure is reduced to averaged properties along the reference line [1–4], and second
the solution of the one-dimensional dynamic equations of motion on the homogenised
structure (the composite beam) [5–8]. The literature on composite beam modelling is
quite extensive and it is not the purpose here to present a comprehensive review, which
can be found, for instance, in the monograph on the topic by Hodges [9].
The focus here will be on flexible unsupported (free-flying) slender structures with
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very low natural frequencies. This situation has traditionally been studied in the tran-
sient dynamic analysis of space structures, but it has found a new application in the
development of light UAVs with very high-aspect-ratio wings [10]. On the positive
side, the presence of air loads introduces aerodynamic damping (at low enough flight
speeds) that helps to stabilize these platforms. However, the higher load levels require
a complex aeroelastic balancing to minimise the instantaneous wing loading in highly
efficient designs. A better understanding of the effect of large overall rigid-body motion
with possibly large elastic deformations on the dynamic response of such structures can
improve the design process and is crucial for the design of control systems to optimise
their performance [11].
A first approximation to introduce structural dynamics effects into the vehicle dy-
namics is through the mean-axes assumption [12]. It assumes that there exists an
instantaneous reference frame which decouples the structural and rigid-body dynamics
degrees of freedom (DoF), thus providing a much simplified description that super-
imposes elastic deformations to the rigid-body dynamics. This approach has been
followed in a number of studies [13–16], mostly for relatively stiff vehicles. For linear
undamped systems, it is indeed possible to transform the system equations to a set of
decoupled ordinary differential equations due to the orthogonality property of normal
modes. However, if the structure is subject to arbitrary motion, which may include
gyroscopic effects, the classical modal analysis generally fails to decouple the system
equations of motion (EoM). This implies that the mean-axes approximation neglects
some coupling terms, even for the linear problem, as structures can generally be subject
to gyroscopic motion [17]. Meirovitch and Juang [18, 19] developed a modal analysis for
flexible gyroscopic systems which decouples the system EoM for problems where the
resulting damping matrix is skew-symmetric. Meirovitch [20] also derived linearised
equations about a reference rigid manoeuvre using perturbations on both rigid-body
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and the elastic DoF.
For the case of large structural deformations, nonlinear analysis of space-curved
beams have been developed based on Cosserat’s model with geometrically-exact kine-
matics, as written by Love [21] and Reissner [22]. Simo and Vu-Quoc [23, 24] generalised
the approach to the fully three-dimensional dynamic case by introducing quaternions
to describe the rotational DoF. The equations are solved using finite elements with dis-
placement and finite rotation coordinates as the independent variables. Later, Simo and
Vu-Quoc extended the theory to rods undergoing large unconstrained motions in space
including rotations [25, 26]. They used a global body-fixed reference frame attached to
the reference configuration to include the rigid-body motion of the beam. A similar ap-
proach was used by Cardona and Ge´radin [27, 28] using the Cartesian Rotation Vector
(CRV) to describe the sectional orientation. Whereas nonlinear theories are capable
of capturing arbitrarily-large deformations and rotations, the resulting system of equa-
tions is numerically stiff because of large rigid-body variables and comparably-small
elastic deformations. This raises the question of the required fidelity of the structural
model to capture the elastic deformations efficiently. In many applications, it can be
assumed that structural deformations remain small while the vehicle is undergoing large
(i.e. nonlinear) rigid-body motion.
This work investigates the consistent structural linearisation of the structural DoF
in nonlinear flexible-body dynamics problems with small elastic deformations. That al-
lows the projection of the nonlinear EoM onto the vibration modes of the unconstrained
structure to reduce the problem size while keeping the nonlinearity in the rigid-body
dynamics equations and the coupling between rigid-body and structural dynamics. At
last, we aim to investigate this coupling effect of the nonlinear gyroscopic forces on
the elastic deformations to assess the mean-axes approximation. The application in
mind is for the nonlinear flight dynamics of flexible aircraft [29] and the methodology
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has been integrated into the framework for Simulation of High-Aspect Ratio Planes
(SHARP) [30]. Our starting point will be a geometrically-exact formulation of the
beam dynamics, using a displacement-based approach [24, 28]. Local beam rotations
are parametrised using the CRV with respect to a body-attached reference frame. The
description is finalised with the six DoF rigid-body EoM of that body-attached frame
of reference. The elastic DoF of the resulting set of nonlinear EoM are linearised using
a perturbation approach. In a second step, the modal projection is done on the elastic
modes of the unrestrained system obtained at an arbitrary reference condition. The
modal coefficients are then written in constant tensor form with up to cubic terms be-
cause of the nonlinear rigid-body velocities, which are sparse and can be pre-computed.
Comparison of numerical results obtained from the implemented nonlinear form of the
flexible-body dynamics equations will allow for an evaluation of each assumption made
in the linearisation/reduction process. The different methodologies are applied to sim-
ple but representative geometries with low-frequency, elastic deformations.
2. Nonlinear Flexible-Body Dynamics
A geometrically-exact composite beam model [6, 28] is used to represent the dynam-
ics of very flexible unconstrained structures. As shown in Fig. 1, the deformation of the
structure is described in terms of a moving, body-fixed reference coordinate system, A,
which moves with respect to an inertial (ground) frame, G, by the inertial translational
and angular velocities, vA(t) and ωA(t), of its origin. Subscripts are used to indicate the
coordinate system in which each vector magnitude is projected. The orientation of the
global frame, A, with respect to the inertial frame, G, is given by the coordinate trans-
formation matrix CGA(t). The local orientation of each beam cross-section is defined
by the local coordinate system, B, in the current configuration.
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Figure 1: Multi-beam configuration with the definition of reference frames.
The relative orientation between the global body-fixed reference frame, A, and the
local deformed frame, B, is parametrised by the CRV, Ψ(s, t). The corresponding
coordinate transformation matrix is CBA(s, t) = C(Ψ). The nodal positions, RA(s, t),
expressed in the body-fixed frame, A, and the cross-sectional orientations, Ψ(s, t), form
the independent set of variables in this formulation. The deformation of the reference
line going from the undeformed state at t = 0 to the current state at time t is given by
the force and moment strains [6], which are written in terms of the CRV as
γ(s, t) = C(Ψ(s, t))R′A(s, t)− C(Ψ(s, 0))R′A(s, 0),
κ(s, t) = T (Ψ(s, t))Ψ′(s, t)− T (Ψ(s, 0))Ψ′(s, 0).
(1)
where (•)′ is the derivative with respect to the arc-length s, and T (Ψ) is the tangential
operator. Its definition can be found, for instance, in [28]. The local curvature is
obtained as KB = T (Ψ) Ψ
′.
The inertial properties will be determined by its translational and angular inertial
velocities at each location defined by the arc-length s, given, respectively, as
VB(s, t) = C(Ψ(s, t))R˙A(s, t) + C(Ψ(s, t)) [vA(t) + ω˜A(t)RA(s, t)] ,
ΩB(s, t) = T (Ψ(s, t))Ψ˙(s, t) + C(Ψ(s, t))ωA(t),
(2)
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where (•˜) is the cross-product (or skew-symmetric) operator. The above expression can
also be expressed in compact matrix form as{
VB
ΩB
}
= Λ
{
R˙A
Ψ˙
}
+ ARC
{
vA
ωA
}
. (3)
The dynamics of the beam in a given time interval [t1, t2] is to be analysed in the
(moving) body-attached reference frame A. From Hamilton’s principle, it is∫ t2
t1
∫
Γ
[δT − δU + δW ] dsdt = 0, (4)
where Γ refers to the total length of all reference lines. In this expression, T and U are
the kinetic and internal energy densities per unit length, respectively, and δW is the
virtual work of applied loads per unit length. The virtual strain and kinetic energies
are written as [6]
δU =
[
δγ> δκ>
]
Scs
[
γ> κ>
]>
=
[
δγ> δκ>
] [
F>B M>B
]>
,
δT =
[
δV >B δΩ
>
B
]
Mcs
[
V >B Ω
>
B
]>
=
[
δV >B δΩ
>
B
] [
P>B H
>
B
]>
,
(5)
where we have introduced the internal forces and moments, FB and MB, and the local
translational and angular momenta, PB and HB, respectively. The fully-populated 6×6
cross-sectional mass and stiffness matrices, Mcs and Scs, can be obtained through an
appropriate cross-sectional analysis methodology [3]. Finally, all virtual magnitudes are
expressed in terms of the independent set of variables, through the kinematic relations
introduced in Eqs. (1) and (2).
Consider next the applied volume (or surface) forces µG acting on the beam sections.
The corresponding virtual work per unit length is δW = 〈δX>GµG〉, where δXG is the
virtual position vector in the current configuration at the material points where forces
µG are applied, and 〈•〉 is the integral over the area (or area contour) of the local cross
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section. If ξB are the local cross-sectional coordinates, the position vector itself is
XG = rG + C
GARA + C
GAC>ξB, (6)
and the virtual work per unit length is then
δW =
[
δr>GC
GA + δR>A + δφ
>
A
(
R˜A + C
>ξ˜BC
)]
C>FB + δΦ>BMB, (7)
where δφ˜A = C
AGδCGA and δΦ˜B = CδC
> are, respectively, the global and local vir-
tual rotations. The set of resultant forces and moments per unit beam length has
been defined as FB = 〈µB〉 and MB = 〈ξ˜BµB〉, respectively. To obtain the EoM, we
approximate both the position vector, RA, and the CRV, Ψ, using a finite-element
discretisation (here, 2- and 3-noded elements, corresponding to linear and quadratic
interpolation, have been implemented). There are known issues with objectivity of the
interpolation operation of finite rotations [31, 32], however, good performance of the
implementation is observed for quadratic elements or fine enough discretisation with
linear elements. If η is the column vector with all the nodal displacements and rotations
and β> = {v>A ω>A}, the discrete form of the dynamic equations is written as
M (η)
{
η¨
β˙
}
+
{
QSgyr
QRgyr
}
+
{
QSstif
0
}
=
{
QSext
QRext
}
, (8)
where structural and rigid-body components (denoted by superscripts S and R) have
been identified in the gyroscopic, stiffness and external forces. If N(s) is the matrix of
shape functions for all nodes, those discrete generalised forces are written as
QSstif (η) =
∫
Γ
(
N>Υ>AK +N>Υ′
>
+N ′>Λ>
)
Fˆds,
Qgyr (η, η˙, β) =
∫
Γ
[
ΛN ARC
]> (
McsVˆgyr + AV ΩMcsVˆ
)
ds,
Qext (η, η˙, β, ζ) =
∫
Γ
[
ΛN ARC
]>
Fˆ ds,
(9)
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where ζ is the orientation of the body-fixed reference system, which is obtained from
integration of its angular velocity, ωA [33]. Also, the following variables for resultant
loads, local inertial velocities, and internal forces have been defined to simplify notation,
Fˆ =
{
FB
MB
}
, Vˆ =
{
VB
ΩB
}
, Fˆ =
{
FB
MB
}
. (10)
The gyroscopic velocities Vˆgyr in the second of Eq. (9) are defined as
Vˆgyr (η, η˙, β) =
{
Vgyr
Ωgyr
}
=
{
Cω˜AR˙A + V˜BT Ψ˙
T˙ Ψ˙ + Ω˜BT Ψ˙
}
, (11)
and the following 6 × 6 matrix operators were used in the definition of the discrete
generalised forces,
Υ =
[
I 0
0 T
]
, AK =
[
0 0
−(e˜1 + γ˜) −K˜B
]
, AV Ω =
[
Ω˜B 0
V˜B Ω˜B
]
. (12)
The tangent mass matrices have been defined as a function of the deformed state, η, as
M (η) =
[
MSS MSR
MRS MRR
]
=
∫
Γ
[
ΛN ARC
]>
Mcs
[
ΛN ARC
]
, (13)
where the operators Λ and ARC have been defined in Eq. (3). The nonlinear second-
order differential equations of Eq. (8), couples the geometrically-nonlinear beam dy-
namics with the nonlinear rigid-body motion of the flexible body through the inertial
and gyroscopic forcing terms. Equation (8) may need to be solved together with the
propagation equations that determine the position and orientation of the body-fixed
reference frame. Those can be found, for instance, in Ref. [33]. The resulting ordinary
differential equations can be solved by any standard time-integration method [34–37].
An implicit Newmark-β integration scheme was used in all numerical examples in this
work.
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3. Linearisation of Elastic Degrees of Freedom in Nonlinear Flexible-Body
Dynamics
We assume now that the structural DoF are small, while the rigid-body DoF are
arbitrarily large. This linear-flexible/nonlinear-rigid formulation will form the basis for
the subsequent modal projection of the EoM in section 3.3.
3.1. Perturbation of Structural Dynamic Equations
Equation (8) can be linearised only in the elastic DoF by means of a perturbation
approach. The (large) elastic deformations at the static equilibrium condition will be
given by η, while η¯ will be the small elastic deformations that occur together with the
(not-necessarily small) rigid-body velocities β. Perturbation of the elastic DoF on the
nonlinear EoM gives linear inertial and elastic terms, which depend on η only. This
results in the definition of the tangent mass matrix, given in Eq. (13), and the contribu-
tion of elastic forces to the tangent stiffness matrix, KSstif , respectively. Perturbation of
the gyroscopic forces will require particular attention because of the coupling between
rigid-body and elastic states. Partial linearisation of the gyroscopic forces results in
updated expressions for the gyroscopic damping and stiffness matrices in Eq. (22).
3.1.1. Elastic Perturbations of Beam Kinematics
Perturbations of the elastic DoF partially linearise the local translational and an-
gular inertial velocities, introduced in Eq. (2), which can be expressed as
Vˆ (η, η¯, ˙¯η, β) =
{
V RB
ΩRB
}
+
{
V¯B
Ω¯B
}
+H.O.T., (14)
where the rigid-body and elastic contributions to the local velocities are, respectively,{
V RB
ΩRB
}
= ARCβ,
{
V¯B
Ω¯B
}
= Λ ˙¯η − (ARV Ω)> Λη¯. (15)
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Additionally, the gyroscopic velocities defined in Eq. (11) are approximated as
Vˆgyr (η, η¯, β) =
{
V¯gyr
Ω¯gyr
}
= − (ARV Ω)> Λη¯ +H.O.T., (16)
with
ARV Ω =
[
Ω˜RB 0
V˜ RB Ω˜
R
B
]
. (17)
3.1.2. Elastic Perturbations of Gyroscopic Forces
It is now possible to derive expressions for the contribution of the gyroscopic forces
to damping and stiffness matrices, such that the perturbed gyroscopic forces can be
expressed in the form of
Qgyr(η, η¯, ˙¯η, β) =
[
C¯SS C¯SR
C¯RS C¯RR
]{
˙¯η
β
}
+
[
K¯Sgyr 0
K¯Rgyr 0
]{
η¯
0
}
+H.O.T., (18)
with the components of the gyroscopic damping and stiffness matrices defined as
C¯SS (η, β) =
∫
Γ
N>Λ>
[
AR∂ΩMcs −Mcs
(
ARV Ω
)>]
ΛNds,
C¯SR (η, β) =
∫
Γ
A>RC
[
AR∂ΩMcs −Mcs
(
ARV Ω
)>]
ΛNds,
C¯RS (η, β) =
∫
Γ
N>Λ>ARV ΩMcsARCds,
C¯RR (η, β) =
∫
Γ
A>RCA
R
V ΩMcsARCds,
K¯Sgyr (η, β) =
∫
Γ
N>
[
Λ¯
(
ARV ΩPˆ
R
)
− Λ>AR∂ΩMcs
(
ARV Ω
)>
Λ
]
Nds,
K¯Rgyr(η, β) =
∫
Γ
A>RCA
R
V ΩMcsBR∂ΩΛNds.
(19)
Writing the gyroscopic forces in this matrix form illustrates the coupling between the
small elastic deformations and the arbitrarily-large rigid-body motions. The following
12
6x6 matrix operators were used in the above expressions
Λ¯ (η, η˙, β, pˆ) =
[
0 −C>p˜T
0 −A1 (−Ψ, h)
]
, ARPH (η, β) =
[
0 P˜RB
P˜RB H˜
R
B
]
,
AR∂Ω (η, β) = A
R
V Ω − ARPHM−1cs ,
BR∂Ω (η, β) = −
((
ARV Ω
)>
+M−1cs ARPH
)
,
(20)
where PRB and H
R
B are defined as in Eq. (5) and pˆ =
[
p> h>
]>
, with p and h being
arbitrary 3x1 column matrices. The matrix operator A1 (Ψ, h) is derived from linearisa-
tion of the tangential operator, T (Ψ), and it is defined as in Ref. [28]. From Eq. (19),
it is clear that the perturbed gyroscopic damping and stiffness matrices are functions
of the initial deformation, η, but also of the instantaneous rigid-body velocity, β, with
linear and quadratic dependencies in the rigid-body DoF.
3.1.3. Perturbation Equations of Motion
Finally, perturbation of the elastic DoF around the equilibrium, η, on the nonlinear
EoM, Eq. (8), leads to an expression of the form
M(η)
{
¨¯η
β˙
}
+ C¯(η, β)
{
˙¯η
β
}
+ K¯(η, β)
{
η¯
0
}
= Qext(η¯, ˙¯η, β, ζ) +H.O.T., (21)
where the expressions of the gyroscopic damping and stiffness matrices in Eq. (19) are
substituted in the definition of the perturbed gyroscopic forces, Eq. (18), to obtain C¯
and K¯, respectively. As discussed above, matrices C¯ and K¯ are functions of the rigid-
body velocities with linear and quadratic dependencies of β, respectively. In the next
sections, a reduction of the system size will be obtained by projecting the structural
variables onto the natural vibration modes of a reference linear system.
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3.2. Fully-Linearised Flexible-Body Dynamics
Linearisation of the full dynamic system will be done around a static equilibrium
condition, Qstif (η) = Qext(η, ζ), with possibly large elastic deformations, η, at the
reference condition. Small changes from this state will be represented with over-bars,
that is, (η¯, ˙¯η, ¨¯η, β¯, ˙¯β, ζ¯). For the general case, the linearised (incremental) form of Eq.
(8) around a given point is
M(η)
{
¨¯η
˙¯β
}
+K(η, β)
{
η¯
0
}
= Q¯ext
(
η¯, ˙¯η, β¯, ζ¯
)
, (22)
where the mass matrix, M, was defined in Eq. (13). The constant tangent stiffness
matrix, K, is obtained through direct linearisation of the discretised elastic forces. The
resulting set of coupled linear EoM now forms the basis for aeroelastic stability analyses.
3.3. Modal Projection of the Perturbed Equations
Under the assumption of small elastic deformations, it is possible to write the non-
linear system EoM, Eq. (21), in terms of global shape functions by projecting the
dynamics equations on the modes of the unconstrained structure. These vibration
modes are obtained from the unforced fully-linearised EoM, Eq. (22), such that{
η¯
β
}
= Φ
{
p
β∗
}
, (23)
where p is the vector of the projected modal coordinates and Φ is the matrix of the
corresponding mode shapes, which include the six rigid-body modes and the remaining
elastic mode shapes describe the motion of the body-fixed frame, A, and the elastic
deformation with respect to this moving frame. Hence, the vector of modal rigid-body
velocities, β∗, is a linear map of the velocities of the body-fixed frame, A, and the
motion of this frame due to the elastic mode shapes. The coupled EoM can then be
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written in terms of the modal basis, obtained for this system, as
Φ>M(η)Φ
{
p¨
β˙∗
}
+ Φ>C¯(η, β)Φ
{
p˙
β∗
}
+ Φ>K¯(η, β)Φ
{
p
0
}
= Φ>Qext(η¯, ˙¯η, β, ζ), (24)
where the modal damping and stiffness matrices remain functions of the arbitrarily-
large rigid-body DoF and would need to be recomputed for every β. If we make use of
the fact that the damping matrix C¯ and stiffness matrix K¯ have, respectively, linear and
quadratic dependencies with the rigid-body DoF, as can be seen from Eq. (19), then it
is possible to write the modal matrices in terms of third and fourth-order tensors such
that
Φij C¯jkΦkl = cilrβr (t) ,
ΦijK¯jkΦkl = kstifil + kgyrilrsβr (t) βs (t) ,
(25)
where the modal stiffness matrix is separated into contributions from linearisation of
the elastic forces and secondly from the gyroscopic forces. The tensors c and k are
constant in time and their dimensions are i, l = {1, ...,m} and r, s = {1, ..., 6} for m
number of modes used in the expansion. This approach reduces the size of the structural
subsystem dramatically while keeping the rigid-body DoF nonlinear.
Since the only nonlinear terms in Eq. (24) are from the rigid-body dynamics, one
should expect to reach similar equations starting from other descriptions of the unsup-
ported beam dynamics, including Total Lagrangian approaches [38].
4. Numerical Studies
Previous work [30, 39] has presented verification studies of the current formulation
for nonlinear static and dynamic solutions of multi-beam configurations including aero-
dynamics. The effort in this work will be on unsupported configurations. As there are
few results available in the literature for very flexible free-free beams, this work will
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first collate the existing results and will then contribute with additional relevant ref-
erence test cases. The linear-flexible/nonlinear-rigid dynamics formulation, introduced
in Section 3.1, is exercised on them to explore the performance of the approximation.
Finally, we include modes into the problem to explore how the linear-flexible/nonlinear-
rigid system can be reduced. Those results will finally serve to evaluate the validity of
the mean-axes approximation. There are no gravitational or aerodynamic forces acting
on the structures in this work. The L2 relative error norm, defined as
ε = ||Xcom −Xref ||/||Xref ||, (26)
will be used to compare computed results, Xcom, with a reference solution, Xref .
4.1. Flying Flexible Beam (FFB)
A
8
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Load history for 2D problem:
Load history for 3D problem:
z, M2(t)
y, M1(t)
x, F1(t)
M
1(t
)
t
F1(t)=M1(t)/10
M2(t)=0
M
1(t
)
t
F1(t)=M1(t)/10
M2(t)=M1(t)/2
EA = GAs = 104 
EI = GJ = 500
ρA = 1
ρJ = diag(20, 10, 10)
Geometry and material properties:
Figure 2: FFB geometry, material properties and load histories [25, 26].
In this section the dynamics of a flexible free-free beam undergoing large overall
motion is analysed. The problem at hand was first introduced by Simo and Vu-Quoc for
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the planar case [25], later expanded to 3-D in Ref. [26], and has been used subsequently
to validate various geometrically-nonlinear flexible-body dynamics formulations [40–43].
The unconstrained, inclined beam, shown in Fig. 2, is subjected to a set of dead forces
and moments acting at the origin of the body-fixed reference frame with the load history
also indicated in Fig. 2 for the planar and 3-D case. The beam is discretised using 10
2-noded elements, following Refs. [25, 26].
t=0
z
x
t=3 t=8
t=10
Simo & Vu-Quoc (Δt=0.1)
SHARP (Δt=0.1)
SHARP (Δt=0.01)
Figure 3: Snapshots of deformed shapes for the 2-D FFB problem in increments of 0.5
for different time steps ∆t. [10 2-noded elements]
The motion of the FFB for the planar case is shown in Fig. 3 for two different
time steps, where ∆t = 0.1 corresponds to the original simulation properties used in
Ref. [25]. However, a smaller time step of ∆t = 0.01 is necessary to obtain a converged
solution. Results show very good comparison with Simo and Vu-Quoc [25] for matching
time steps of ∆t = 0.1, but differences can be observed for the converged solution, shown
as solid lines in Fig. 3. Frequency domain analysis of the response suggests that the
smaller time step of ∆t = 0.01 is indeed needed to capture frequencies up to the fourth
bending mode which are excited by the impulsive excitation.
In the 3-D case, the FFB is subjected to an additional dead moment M2(t) acting
along the z axis, indicated in Fig. 2, to cause out-of-plane motion. Figure 4 shows
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t=0 t=2
t=3
t=3.8
t=4.4
t=5
t=6.1
t=5.8t=5.5
t=6.5
z
x
(a) x-z plane
t=0 t=2.5
t=3.5
t=3.8
t=4.5
z
y
Hsiao et al. (10 EL)
SHARP (20 EL)
SHARP (10 EL)
(b) y-z plane
Figure 4: Snapshots of deformed shapes for the 3-D FFB problem with different number
of elements. [∆t = 0.01]
the resulting motion for 20 2-noded elements and a time step of ∆t = 0.01 for the
converged solution. Comparison with the original results published by Simo and Vu-
Quoc [26] shows large discrepancies (not shown here), and the FFB in Ref. [26] appears
to be much stiffer than in the results presented in Fig. 4. (A good match with Ref.
[26] was achieved for an increased stiffness of EIα = GJ = 10
3). Instead, for the given
material properties in Fig. 2 very good comparison was found with the solution by Hsiao
et al. [42] who also reported differences to Ref. [26]. Ref. [42] used a co-rotational
finite-element formulation with 10 beam elements. The comparison is shown in Fig. 4.
Finally, since the FFB is subject to spatially-fixed forces and moments, the motion
of the beam centre of mass (CM) becomes a rigid-body dynamics problem which can be
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solved analytically. A convergence study on the L2 relative error norm of CM positions,
showed that a time step of ∆t = 0.01 gives an error below 1% up to t = 50. The motion
of the FFB for that time step is shown in Fig. 5, and indicates a CM moving along the
x direction.
0 10 20 30 40 50 60 70 80 90
0
4
8
z
x
Figure 5: Snapshots in the x-z plane of deformed shapes for the 3-D FFB problem
(solid lines), including positions of both tips (dashed lines) and CM positions (stars)
until t = 20 in increments of 0.4. [∆t = 0.01 and 20 2-noded elements]
4.2. Flexible Multi-Beam (FMB) Configuration
The dynamic response of an unsupported frame is analysed next. This problem
will then be used to exemplify the consistent structural linearisation introduced above
and to study the application of the mean-axes approach. The geometry and material
properties of the FMB are presented in Fig. 6 with different load cases defined in Table
2. The chosen configuration results in a multi-beam problem with shared nodes and
large initial rotations. To obtain an acceptable interpolation of the rotation vector,
120 2-noded elements were used. All simulations in this section are for a time step of
∆t = 0.01 s. The constant-acceleration Newmark scheme was modified as in Ref. [36]
to include a numerical damping of 0.01 that filters some high-frequency oscillations.
For a discussion on the damping of the Newmark method and alternative approaches,
please see Ref. [44].
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Figure 6: Definition of the FMB problem.
4.2.1. Verification of the Nonlinear Model
SAMCEF Mecano is first used for comparison of results in this numerical study. It is
a finite-element solver for nonlinear flexible multi-body dynamics problems based on the
formulation by Ge´radin and Cardona [28]. A variety of forces and moments, load case 1
in Table 2, is applied here to verify the results in terms of 3-D geometrically-nonlinear
deformations with nonlinear rigid-body motions subject to Coriolis and centrifugal ef-
fects which augment the coupling between structural and rigid-body dynamics.
Table 2: Load cases for the FMB problem.
Load case F1 F2 F3 M1
1 x x x x
2 x x
The response of the FMB is shown in Figs. 7 and 8 for a time step of ∆t = 0.01
s. First, the sequence of motion in Fig. 7 clearly shows that the structure is subject
to large deformations. The simultaneous rigid-body translations and rotations increase
20
−20
0
20 0 10
20 30
40 50
60 70
−15
−10
−5
0
5
10
15
y [m]x [m]
z 
[m
]
Figure 7: Snapshots of deformed shapes for the FMB, load case 1, at consecutive steps
from t = 0 s (grey) to t = 20 s (black) in increments of 0.5 s.
the effect of gyroscopic forces on structural and rigid-body dynamics. Comparison of
tip positions and rigid-body velocities in Fig. 8 show very good agreement with results
obtained in SAMCEF. All quantities are expressed in terms of an inertial frame G,
initially aligned with frame A in Fig. 1.
4.2.2. Structural Linearisation in the Flexible-Body Dynamics of the FMB
Test case FMB is now subjected to load case 2 in Table 2, which results in 3-D,
nonlinear, predominantly rotational, rigid-body motion. The stiffness parameter σ is
introduced to vary the elastic modulus of the material, such that E = σE0. The rigid-
body response is presented in Fig. 9 for σ = 10. Figure 10a shows the time history
of the vertical tip deformation of point P, normalised with the arm length L2, defined
in Fig. 6, for varying stiffness. The maximum value of max (∆RAz/L2), is used to
quantify the degree of flexibility and Fig. 10b shows the maximum values for the range
of 3 ≤ σ ≤ 103.
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Figure 8: Comparison of FMB, load case 1, in SHARP (curves) with SAMCEF Mecano
(markers).
Figure 11 presents the maximum relative error norm of the linear-flexible/nonlinear-
rigid formulation with respect to the fully-nonlinear solution in predicting rigid-body
velocities and right tip deflection for a range of σ values. The solid curves show that
for very flexible cases with σ < 10 and relative maximum tip displacements of 10−25%
the dynamic response is nonlinear and cannot be captured by the linearised formula-
tion with relative errors above 10%. However, the error decreases exponentially with
increasing values of σ ≥ 10. The effect of nonlinearity on the elastic deformations for
this problem is presented in detail in Section 4.3.1. The relative error of the rigid-body
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Figure 9: Rigid-body velocities of the FMB for load case 2. [σ = 10].
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Figure 10: Tip deformations of FMB, load case 2, for varying stiffness parameter σ.
velocities, presented in Fig. 11a, shows that the relative error norm of the translational
rigid-body velocities remains an order of magnitude higher than for the angular veloci-
ties. As the linearised solution assumes constant CM position with respect to frame A,
the error in the angular velocities is compounded.
It is often assumed in dynamics problems that the mass matrix of the governing EoM
is constant for small deformations [45]. The different effects of geometric non-linearities
are analysed in the following by assuming constant mass matrix M (η0) in the fully-
nonlinear formulation, but all other terms in Eq. (8) remain time-dependent. Figure
11 shows, superimposed with dashed curves, the relative error norm of this simplified-
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Figure 11: Linearisation of elastic DoF for FMB with load case 2. Maximum relative
error norm of linear-flexible formulation (solid) and simplified nonlinear solution with
constant mass matrix M =M (η0) (dashed) for different σ.
nonlinear formulation with respect to the fully-nonlinear solution. It suggests that for
the analysed FMB problem within the linear-flexible regime (σ ≥ 10), the error in the
rigid-body response is predominantly affected by assuming constant mass matrix M.
Only for very large deformations (σ < 10), it is possible to distinguish between the
linear-flexible/nonlinear-rigid and simplified-nonlinear error norms in Fig. 11a. This
is clearly not the case when predicting the tip deflection, ∆RA, shown in Fig. 11b,
where linearisation of the elastic forces in addition to inertial forces has a detrimental
effect. The relative error norm decreases exponentially in both cases, but the simplified
nonlinear solution with M = M (η0) shows an irregularity in the range 30 ≥ σ ≥ 60,
where we included more data points to investigate this.
In summary, this section demonstrated the applicability of the implemented linear-
flexible/nonlinear-rigid formulation to stiff multi-beam configurations subject to small
deformations and large rigid-body motions. Different sources of nonlinearity were iden-
tified to affect the dynamics of flexible bodies, where it was shown that changes in the
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global inertia tensor can have a strong effect on the rigid-body response of the structure.
4.2.3. Modal Reduction of FMB
In this section, projection of the nonlinear flexible-body dynamics equations with
linearised elastic DoF on modes is explored. This is the application of the theory
presented in Section 3.3, which forms the basis for the subsequent evaluation of the
mean-axes approach. The problem at hand is the FMB with load case 2 and stiff-
ness parameter σ = 10, for which the linear-flexible/nonlinear-rigid solution proved to
adequately predict angular rigid-body velocities and tip displacements with maximum
relative errors of 2.4% and 9.0%, respectively, as shown in Fig. 11.
Table 3: First elastic modes for the FMB problem. [σ = 10]
Mode ω [rad/s] Description
1 6.92 1st symmetric in-plane bending
2 15.32 1st torsion
3 16.37 1st antisymmetric in-plane bending
4 21.58 1st symmetric out-of-plane bending
5 23.13 2nd symmetric in-plane bending
6 40.23 2nd antisymmetric in-plane bending
7 61.46 2nd torsion
8 67.91 3rd symmetric in-plane bending
Vibration modes are obtained for the unconstrained structure at the initial config-
uration by solving the eigenvalue problem posed by the unforced fully-linearised EoM,
Eq. (22), with zero damping matrix. This results in n elastic free-free modes and 6 rigid-
body modes, where n is the number of elastic DoF of the problem (here: n = 6 · 120).
Table 3 presents the the first eight elastic modes with the mode shapes shown in Fig.
25
12 and characterised by their symmetry properties. It is important to note that the
CM position of these vibration modes remains constant.
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Figure 12: First elastic mode shapes for the FMB problem. [σ = 10]
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Figure 13: Response of the first eight elastic modes for FMB, load case 2. [σ = 10]
The dynamic problem is subsequently solved by projecting the linear-flexible/non-
linear-rigid dynamics Eq. (21) to modal coordinates. From the modal response of the
FMB problem with load case 2 in Fig. 13, it is clear that the dominant modes in the
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response are the first symmetric in-plane bending mode (Mode 1) and the first out-of-
plane modes in torsion (Mode 2) and bending (Mode 4). This can also be seen in Fig.
14, which compares the rigid-body response and elastic deformations of the projected
solution with linear-flexible/nonlinear-rigid results for varying number of elastic modes.
With this approach it is possible to reduce the system size from 366 DoF to 16 modes
(10 elastic modes and the six rigid-body modes) with sufficiently-small relative errors
below 1%. The system size can be further reduced by only including the modes which
are dominant in predicting the response, as seen in Fig. 13. Figure 14 also shows the
effect of flexibility on the rigid-body response of the structure for zero elastic modes
resulting in maximum relative errors above 10%.
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Figure 14: Modal projection of nonlinear flexible-body EoM with linearised elastic DoF
for the FMB, load case 2. Maximum relative error norm of rigid-body velocities and
right tip displacement against number of elastic modes. [σ = 10]
Because of the linear and quadratic dependencies of the perturbed damping and
stiffness matrices, C¯ and K¯ in Eq. (24), with rigid-body velocities, β, we write the
modal system matrices in terms of constant tensors, c and k, as shown in Eq. (25).
Computing these tensors only once increases computational efficiency because of their
sparse structure. This is illustrated in Table A in the Appendix only for the third-
order damping tensor, c, but applies equally to the fourth-order stiffness tensor, k. The
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table only shows the first three elastic modes, which predict the response sufficiently
with a maximum error of 3% (see Fig. 14). With the description of Table A in the
Appendix, it is possible to understand the contribution of the coupling terms between
elastic modes and rigid-body motion on the gyroscopic forces, which are mostly affected
by rigid-body rotary motion (r = {4, 5, 6}) as expected from the physical origin of the
gyroscopic terms.
4.3. An Assessment of the Mean-Axes Approximation
The previous sections demonstrated a procedure for the consistent linearisation of
the elastic DoF and subsequent projection onto modes under the assumption of small
deformations but with large (nonlinear) rigid-body motion. However, due to the contri-
bution of the gyroscopic forces to tangent damping and stiffness matrices in Eq. (19),
the projected EoM still have coupling terms between the rigid-body and structural
dynamics of the body. These coupling terms are often neglected for small elastic de-
formations by writing the EoM at the CM in terms of the mean-axes system, which is
defined such that translational and angular momenta due to elastic deformations have
zero contribution to the kinetic energy [12].
The mean-axes constraint is naturally enforced by projecting the linear EoM onto
free-free modes [45]. Here, we obtain the free-free modes in the classical sense by
solving the eigenvalue problem given by the unconstrained, undamped elastic EoM as,
MSS η¨f + KSstifηf = 0, where ηf is the vector of elastic DoF without enforcing the
boundary condition of the clamped node at the origin of frame A. The corresponding
mass matrix, MSS, is defined in Eq. (13) and the stiffness matrix, KSstif , is obtained
through linearisation of the elastic forces, QSstif . The relative displacements of the
flexible body can then be described in terms of modes shapes, Φf , and generalised
displacements, pf , such that ηf =
∑
i Φ
f
i p
f
i . Due to orthogonality of the free-free modes
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and if we neglect the contribution of elastic deformations to the gyroscopic forces in
Eq. (18), then it is possible to solve the mean-axes EoM,
p¨fi + ω
2
i p
f
i =
(
Φfi
)>
Qfext (η, β, ζ) , (27)
separately from the nonlinear rigid-body dynamics EoM, extracted from Eq. (18), as
MRR (η) β˙ + CRR (η, β) β = QRext (η, β, ζ) , (28)
where ωi is the vibration frequency of the ith mode. However, the resulting set of
EoM can still be coupled if the external forces depend on the rigid-body velocities and
orientation, β and ζ.
The effect of inertial decoupling between the elastic and rigid-body motion is anal-
ysed in this section first for the FMB problem with load case 2 in the range of stiffness
parameters, 10 ≤ σ ≤ 103, for which the linearised solution proved to be adequate,
as shown in Fig. 11. In the second study the mean-axes assumption is investigated
on a more complex problem, where the FMB enters a spiral motion to investigate the
effect of simultaneous translational and angular rigid-body motion. For both problems,
the decoupled mean-axes solution is compared to the linear-flexible/nonlinear-rigid and
fully-nonlinear solution, to understand the effect of neglecting the coupling terms due
to the gyroscopic nature. Enough modes were included in the mean-axes solutions until
convergence was reached.
4.3.1. FMB in Rotation (load case 2)
For the FMB with load case 2, Fig. 15 shows the relative error norm of the mean-
axes approach in predicting the rigid-body response and deflection of point P for a
range of σ values. To be able to compare to the mean-axes solution, the rigid-body
motion is computed in this problem at the CM of the initially undeformed geometry.
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Figure 15: Maximum relative error norm of rigid-body angular velocities and right
tip displacement of mean-axes solution for the FMB, load case 2, compared to linear-
flexible/nonlinear-rigid for different values of σ. [∆t = 0.01 s and 120 2-noded elements]
Hence, only angular velocities are included in Fig. 15. The results indicate that for
small deformations with σ > 30 and relative tip deflections below 2%, the mean-axes
model predicts the rigid-body response of this problem with relative errors below 5%.
However, it is obvious from the figure that neglecting the coupling terms results in a
constant error of about 17% for the elastic deformations over the same range of stiffness
parameters.
To understand this effect, Fig. 16 shows the normalised right tip deflections for a
range of stiffness values to compare the fully-nonlinear (Eq. (8)), linearised (Eq. (22))
and mean-axes solutions (Eq. (27)). The linearised formulation cannot capture the
hardening effect due to large deformations which results in over-predicting the elastic
response. However, it is clear that application of the mean-axes constraint results
in smaller deflections independent of the material stiffness, which happens to match
the nonlinear solution closer for the very flexible case (σ = 5). Under the mean-axes
assumption, the gyroscopic terms in the structural dynamics EoM, defined in Eqs.
(18)-(19), are neglected. For large values of σ, the rigid-body dynamics of the structure
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Figure 16: Comparison of fully-nonlinear, linear-flexible/nonlinear-rigid and mean-axes
approach in predicting the vertical tip displacement of Point P in Fig. 6 for the FMB
problem with load case 2 and different σ values.
do not change with increasing stiffness, which implies that the gyroscopic damping
and stiffness matrices, C¯SS, C¯SR and K¯Sgyr, are independent of σ. Whereas the phase
difference in the elastic response between the mean-axes and nonlinear solutions is
evident for small values of σ, for stiff problems (σ ≥ 30) the maximum relative error
norm occurs at the t = 9.35 s, which explains why the relative contribution of the
gyroscopic forces to the structural dynamics remains constant with σ.
4.3.2. FMB in Spiral Motion
This final study is motivated by dynamic stability problems of aircraft. The ge-
ometry and material properties of the FMB are defined in Fig. 6. A set of follower
forces and moments is now acting at the CM of the initially undeformed geometry,
which is rigidly-linked to the frame at point PG, as shown in Fig. 17. This implies
that, under deformations of the structure, the origin of loading may not remain at the
CM. The follower loading is applied as a ramp with time t such that the FMB follows
a circular rigid-body motion with radius RS = 80 m, where m is the total mass of the
frame and Jz is the (constant) moment of inertia around the z axis at the reference
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configuration. An additional dead load is applied at an offset at point PG, shown in
Fig. 17, to stabilise the structure, as the FMB tends to diverge from the spiral path
under deformation. The stiffness parameter σ is used again in this problem to vary
the stiffness of the structure. A mesh size of 60 2-noded elements and a time step of
∆t = 0.1 s was found to be sufficient to capture the predominantly rigid-body dynamics
of the problem simulated for 80 s.
FC(t) = mvAy(t)2/RS
FG(t) = 2N·t
FT(t) = 5N·t
Follower loads:
Dead loads:
CM
m,Jz
z MC
FG
MC(t) = mFT(t)/(JzR )
Spiral radius:
RS = 80m
S
rigid 
linkPG
A
y,FT
x,FC
Figure 17: Load history of the FMB spiral problem.
The overall motion of the centroid is shown in Fig. 18 for a range of stiffness
parameters σ with the corresponding vertical tip deflections presented in Fig. 19. The
effect of large deformations on the rigid-body motion is captured in Fig. 18a, which
shows large discrepancies between the linearised and fully-nonlinear solution. With
increasing values of σ the two solutions converge, such that for σ ≥ 10 the linearised
formulation can accurately capture the very large and nonlinear rigid-body motion of
the structure accurately with relative errors below 3.2%. However, the overall motion
is still affected by the (small) elastic deformations. This is shown by including the
trajectory of the rigid structure in Fig. 18 to identify possible values of σ where the
mean-axes approach can be applied. It can be seen that the spiral motion of the FMB
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Figure 18: Trajectory of the FMB spiral problem for the different formulations. [∆t =
0.1 s and 60 2-noded elements]
converges to the rigid case for σ ≥ 50 with relative errors below 1%.
Figure 19 shows the elastic deformations of the FMB comparing the fully-nonlinear
solution with the linearised formulation and the mean-axes approach. As expected,
the linearised formulation tends to over-predict the structural deformations in the very
flexible case with σ = 4, where geometrical nonlinearity effects are dominant. However,
the elastic response is becoming linear with increasing stiffness of the structure. Ne-
glecting the nonlinear gyroscopic forcing terms in the mean-axes approach counteracts
this over-prediction and happens to match the nonlinear solution more accurately for
the flexible range (σ < 10), even though the rigid-body response is still largely affected
by the elastic deformations in this range, as shown in Fig. 18a.
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Figure 19: Comparison of fully-nonlinear, linear-flexible/nonlinear-rigid and mean-axes
approach in predicting vertical tip displacement of point P in Fig. 6 for the FMB spiral
problem and different σ values. [∆ = 0.1 s and 60 2-noded elements]
The same can be observed in Fig. 20, which shows the relative error norm of linear-
flexible/nonlinear-rigid and mean-axes approximations compared to the fully-nonlinear
solution in predicting the maximum tip displacement of point P, max (∆RA), for a
range of σ values. The mean-axes approach neglects the couplings and under-predicts
elastic deformations, which results in smaller errors compared to the linearised solution
for very flexible cases (σ < 8). However, this result is problem-specific and for stiff cases
(σ > 20), the relative error norm of the mean-axes assumption converges to a constant
value of about 12%. As before, when σ → ∞, the relative contribution of the elastic
gyroscopic forces to the structural dynamics becomes a function merely of σ resulting
in constant relative errors in the displacements.
5. Conclusions
This paper has presented a derivation of the equations of motion of flexible-body
dynamics for small deformations and large rigid-body motions around a nonlinear static
equilibrium configuration. This situation is relevant for the dynamic analysis of flexible
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max (∆RAz/L2), for FMB spiral problem comparing linear-flexible/nonlinear-rigid and
mean-axes approximations to fully-nonlinear solution. [∆ = 0.1 s and 60 2-noded ele-
ments]
aircraft with large-aspect-ratio wings, but the formulation in this work is a generic one.
The resulting set of dynamics equations has been written in matrix form, in which
the matrix coefficients have only a quadratic dependency on the body velocities. In
a time-marching solution, this implies that the coefficients have to be computed as
the body-velocity changes, but the equations are still linear in the structural degrees
of freedom. A very large reduction in problem size can then be obtained if the FEM
discretisation is approximated by a few vibration modes of the unconstrained structure.
This was further exploited by obtaining closed-form expressions for all the coefficients
in the equations that only need to be computed once. The resulting modal form of
the equations of motion can capture all couplings between the nonlinear rigid-body dy-
namics and the linearised structural dynamics due to gyroscopic effects. These coupling
terms are neglected in the mean-axes approach typically used in flexible aircraft flight
dynamics.
Numerical studies presented in this work exercise this modal approach on a complex
multi-beam configuration. It was found that writing the system equations in tensor
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form allows the easy identification of important coupling terms between different elastic
modes and the rigid-body motion (in the example, it was the coupling between yaw
rate and in-plane bending modes which results in large gyroscopic forces). Results also
served to evaluate the validity of the mean-axes approximation. Whereas the rigid-
body response always converges to the rigid case for very stiff problems, the mean-axes
approach fails to predict the elastic deformations accurately if the problem is of a
rotational nature. This result was shown, both analytically and numerically, to be
independent of the level of deformation.
In summary, a consistent linearisation of the structural deformations in the dynamic
analysis of flexible bodies can be introduced for small deformations which captures all
coupling terms due to gyroscopic effects. This provides a more accurate description
of the dynamics of relatively stiff structures than the mean-axes approach with only a
small additional computational cost.
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Appendix A
In Section 3.3, the nonlinear modal damping and stiffness matrices, Φij C¯jkΦkl and
ΦijK¯jkΦkl, respectively, are written in terms of constant third and fourth-order tensors,
cilr and kilrs, defined in Eq. (25). Here, we explore the coupling terms of cilr for the
FMB problem defined in Fig. 6, with the effect of elastic and rigid-body velocities on
the elastic state, cSSr and c
SR
r , respectively, and the effect on the rigid-body gyroscopic
forces due to elastic excitation, cRSr . The remaining terms, c
RR
r , originate from the
gyroscopic terms of the standard nonlinear rigid-body dynamics part of the structure
and are not of interest here. Table A shows the coupling terms of cilr for the first 9
modes (3 elastic and 6 rigid-body) with
cSSr = {cilr|(i = 7..9) ∧ (l = 7..9)}
cSRr = {cilr|(i = 7..9) ∧ (l = 1..6)}
cRSr = {cilr|(i = 1..6) ∧ (l = 7..9)},
where modes 1-6 are rigid-body modes and 7-9 the remaining elastic modes, which are
ordered such that the lower frequencies occur first (e.g. first bending mode for i, l = 7).
Table A: Perturbed modal damping matrix in tensor form, cilr, for the FMB problem
using the first three elastic modes in addition to the six rigid-body modes. [σ = 10].
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r cSSr c
SR
r
(
cRSr
)>
1
0. 0. 1. 0. 0. 0. -1. 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
2
0. 0. 0. 0. 0. 0. 0. 0. 0. -1. 0. 0. 0. 0. 0.
0. 0. 3. 0. 0. 0. -1. 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
3
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
0. -1. 0. 1 -1. -1. 0. 0. 1. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
4
0. 0. 0. 0. 0. 0. 0. 0. 0. 2. 0. 0. 0. 0. 0.
0. 0. -5. 0. 0. 0. 2. 0. 0. 0. 0. 0. 2. 0. 0.
0. 1. 0. 0. 0. 0. 0. 0. 0. -3. 2. 2. 0. 0. -3.
5
0. 0. -2. 0 0. 0. 1. 4. 0. 0. 0. 0. -1. 2. 0.
0. 0. 0. -5 -1. 3. 0. 0. 1. 5. -1. 4. 0. 0. -1.
3. 0. 0. 0. -1. 0. 0. 0. 0. 0. -1. 0. 0. 0. 0.
6
0. -3. 0. -1. 1. 1. 0. 0. 0. 1. -1. -1. 0. 0. 2.
-8. 0. 0. 0. 5. 3. 0. 0. 0. 0. 0 0. 0. 0. 0.
0. 0. 0. 0. 1. 1. 0. 0. -1. 7. -2. 6. 0. 0. -1.
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